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Abstract 

^SJ . In this paper we show that the flow map of the Benjamin-Ono equation on 

, the line is weakly continuous in L^(M), using "local smoothing" estimates. L^(]R) is 

Q^ i believed to be a borderline space for the local well-posedness theory of this equation. 

p 

' with previous work on the cubic nonlinear Schrodinger equation, where Goubet and 

Q!^ ■ Molinet [Tl] showed weak continuity in (M) and Molinet [28] showed lack of weak 

continuity in L^(T). 



In the periodic case, Molinet [27j has recently proved that the flow map of the 
Benjamin-Ono equation is not weakly continuous in L^(T). Our results are in line 



o 

> 

>< 

a : 1 Introduction 

In this paper we study the weak continuity of the solution operator of the initial value 
problem for the Benjamin-Ono equation: 

where Ti represents the Hilbert transformation. 

The Benjamin-Ono equation (1.1) is a model for one- dimensional long waves in deep 
water (cf. [1] and [33]) and is completely integrable. Well-posedness of the problem (1.1) 
has been extensively studied by many authors, cf. [3], [5], [7|, [8]-[in|, [13], [E], [16] . 
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[T9] . [22] . [27], [28], [30], [31], [35], and the references therein. In particular, in [13], it 
was proved that this problem is globally well-posed in L^(]R). Thus, for any given T > 
there exists a mapping S : L^(R) — > C([— T, T], L^(]R)), which is Lipschitz continuous 
when restricted in any bounded sets in L^(M), such that for any G L^(M), the function 
u{-,t) = {S(j)){t) =: S{t)(f) is a solution of the problem (1.1) in the time interval [— T, T]. 
In this paper we study the following problem: Is the operator S{t) : L^(M) L^(M) 
weakly continuous (for fixed t)7 Note that since S{t) is a nonlinear operator, we cannot 
give this question a positive answer by merely using the continuity of S{t) in norm. 

Our motivation to study the above problem is inspired by the important series of 
works of Martel and Merle [23]-[2B], which studied finite time blow-up and asymptotic 
stability and instability of solitary waves for the generalized Korteweg-de Vries equations, 
in critical and subcritical cases. One key step in their strategy in these works is a re- 
duction to a nonlinear Liouville type theorem. Martel-Merle then reduce this nonlinear 
Liouville theorem to a corresponding linear one, involving the linearized operator around 
the solitary wave. It is in both these steps that the weak continuity of the flow map for 
generalized KdV in suitable Sobolev spaces plays a central role. Recently, by using a 
similar strategy, Kenig and Martel [20] established the asymptotic stability of solitons for 
the Benjamin-Ono equation (1.1) in the energy space iJ^/^(R). Thus, the weak continuity 
of the flow map in the energy space for the equation (1.1) is needed and it is established 
by these authors. The proof is very simple and reduces matters to the uniform continuity 
of the flow map for the Benjamin-Ono equation for data whose small frequencies coin- 
cide in a Sobolev space of strictly smaller index than if^/^(R), which depends on local 
well-posedness of the initial value problem (1.1) in L^(M) proved in the above mentioned 
work of lonescu and Kenig [13] . Naturally, it would be desirable to prove the asymptotic 
stability of solitons for the Benjamin-Ono equation in L^(]R). However, since no local 
well-posedness theory for this equation is available in Sobolev spaces of negative indices 
and it is strongly suspected that, in fact, uniform continuity of the flow map even re- 
stricted to data whose small frequencies coincide, must fail for Sobolev spaces of negative 
indices, the approach used in [20] does not work in the L^(M). 

Another interesting result which motivates this study is a recent work of Molinet 
[30] . in which the periodic initial-boundary value problem of the Benjamin-Ono equation 
was studied, and it was proved that the flow map of the periodic initial-boundary value 
problem of the Benjamin-Ono equation is not weakly continuous in L^(T), despite that 
such a problem is globally well-posed in L^(T), by another work of Molinet [28 ] . 




We would also like to mention a recent work of Goubet and Molinet [TI], where a 
similar problem for the cubic nonlinear Schrodinger equation on the line was studied. 
For this equation the global well-posedness in L^(M) was established in [36], while in [IT] 
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(focusing case) and [6] (defocusing case) it was shown that the flow map is not uniformly 
continuous in any Sobolev space of negative index. Thus, the weak continuity in L^(M) of 
the flow map cannot be treated by the approach used in the works of Martel and Merle 
[23]-[26] and Kenig and Martel [20]. Goubet and Molinet [H] affirmatively settled this 
problem by taking advantage of the "local smoothing" effect estimates together with a 
suitable uniqueness result. 

In this paper we establish the weak continuity in L^(M) of the flow map for the 
Benjamin-Ono equation (1.1). The main idea of the proof of this result is similar to that 
used in [H], i.e., we shall prove that the desired weak continuity is ensured by certain 
local compactness results coupled with suitable uniqueness. However, unlike the cubic 
nonlinear Schrodinger case where local compactness is obtained from "local smoothing" 
effect estimates of the equation, in the present Benjamin-Ono case this will be derived 
from the properties of general functions in the space F" in which local solutions of the 
problem (1.1) are constructed. Another interesting difference lies in the fact that, unlike 
the cubic nonlinear Schrodinger case, the uniqueness for (1.1) is only established in [1^ 
for limits of smooth solutions. 

To state our main result, we recall that (p, q) is called an admissible pair for the 
operator dt + 'Hdl if it satisfles the following conditions: 2<p<cxD, 4<g<cxD, and 
2/ q = 1/2 — 1/p. The main result of this paper reads as follows: 

Theorem 1.1 Assume that (pn weakly converges to in L^(R). Let Un and u he the 
solutions of the problem (1.1) with initial data (j)n and 0, respectively, i.e., Un{-, t) = S(t)(f)n 
and u{-,t) = S{t)(f). Then given T > 0, we have the following assertions: 

[i) For any admissible pair {q,p), Un weakly converges to u in L'^([— T, T], Lp(R)) {in 
case either q = oo or p = oo, weak convergence here refers to *-weak convergence). 

{a) For any \t\ < T, Un{t) weakly converges to u{t) in L^(R). Moreover, this weak 
convergence is uniform for \t\ < T in the following sense: For any ip G L^(]R) we have 

lim sup \iunit) -u{t),ip)\ = 0, (1.2) 

where (■, ■) denotes the inner product in L^(]R). 

The arrangement of this paper is as follows: In Section 2 we give a review of the 
well-posedness result established in [13] and introduce the spaces used in the proof of this 
well-posedness result. In Section 3 we derive some preliminary estimates. The proof of 
Theorem 1.1 will be given in Section 4 after these preparations. 

Finally, we would like to give a remark on the modifled Benjamin-Ono equation: 

dtu + ndlu + u'^d^u = 0, xeR, teR. (1.3) 
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For this equation, it has been proved by Kenig and Takaoka in [18] that its initial value 
problem is globally well-posed in the Sobolev space whereas the solution operator 

of a such problem is not uniformly continuous in any Sobolev space H^{M.) of index s < 1/2 
(so that if^/^(R) is a borderline space for the local well-posedness theory of this equation). 
It is thus natural to ask if the flow map of this equation in if^/^(M) is weakly continuous. 
The answer to this question is affirmative and its proof is relatively easier, due to a priori 
regularities possessed by functions in the space C{[—T,T],H^^'^{W)). See the remark at 
the end of the paper. 
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pointed out to them that the work of Goubet and Molinet [11] already contained a proof 
for the cubic nonlinear Schrodinger and that a (simplified) version of the Goubet-Molinet 
proof could be used to give a very short proof of our mBO weak continuity result, which is 
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Notations: 

• For l<p<c>o, ll'llp denotes the norm in the Lebesque space L'^{M.). 

• For 1 < p < oo, 1 < q < oo and a function u = u{x,t) (x G M, t G M), 

and denote norms of the mappings t u{-,t) and x u{x, ■) in the spaces 

Li{Rt,LP{R^)) and Lp(M^, L«(]Ri)), respectively. In case that Rt is replaced by 
[— T, T] or by [—R, R] , the corresponding notation Lf or L^. in the norm notation 
will be replaced by Lf, or L^, respectively, so that ||m||j;,9,£^p denotes the norm of the 
mapping t — m(-, t) in the space L'?([— T, T], Lp[—R, R]), etc.. 

• JF, J^i and denote Fourier transformations in the varaibles {x,t), x and t, re- 
spectively; they will also be denoted as ~, and respectively. The dual vari- 
ables of X and t are denoted as ^ and r, respectively. Thus m(^,t) = jF(M)(^,r), 
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u^{^,t) = J^i{u){^,t), and r) = JF2(m)(x, r). In case no confusion may occur 
we often omit 1 and 2 in the notations '"'^ and so that ^(^) = 
ip = ip{x), and ^'{t) = J^2{.i^)ij) for ip = ipit). The inverses of JF, JF^ and JF2 are 
denoted by JF~\ jFj"^ and J-'2^, respectively. 

H denotes the Hilbert transformation, i.e., Hip = J-'^^[—isgn^ ■ (p{^)] for (p G S'{R) 
such that sgn^ ■ (p{^) makes sense and belongs to 5"(]R). li ip is a. locally integrable 
function they we have 

Hip = — p.v. / ay 



in case the right-hand side makes sense. 

For a real s, and Df denote absolute derivatives of order s in the x and t variables. 



respectively, i.e., D'^!p{x) = J^r^[|C|"^(0] for ip G ^'(R) such that e S'{ 

and similarly for Df. (D^)'^ denotes the Fourier multiplier operator with symbol 

iO' = (1 + len^/^ i.e., {D,y^{x) = ^rM(e)W)] for ^ e s'{r). 

For a real s, H'^ and iJ^ respectively denote the homogeneous and inhomogeneous 
L^-type Sobolev spaces on M of index s. 



2 Review of well-posedness 

Before giving the proof of Theorem 1.1, let us first make a short review to the well- 
posedness result established in [13]. In some previous work (cf. [El [Ml [35] for instance) 
it has been proved that the problem (1.1) is globally well-posed in if'^(M) for large s, 
and the best result is a > 1 obtained by Tao in [3S]. By these results, there exists a 
continuous mapping : H°^{R) := n^>oif'^(M) ^ C(M, if°°(]R)), such that for every 
4> e H°°(R), u = S°°(f) e C°°(R,H'^{R)) is a solution of (1.1). For T > let : 
H°°{M.) C{[—T,T],H°°{R)) be the restriction of the mapping 5*°° to the time interval 
[— T, T]. The result of [13] shows that the restriction cr > 1 can be weakened to a > 0. 
We copy the main result of [T3] (see Theorem 1.1 there) as follows: 

Theorem 2.1 (a) For anyT >0, the mapping : i7°°(M) C([-T, T], if°°(M)) 
extends uniquely to a continuous mapping : L^(]R) C([— T, T], L^(]R)) and ||5'^(0)(., t) II2 
= II0II2 for any t G [— T, T] and G L^(R). Moreover, for any (p £ L'^i^), the function 
u = Sj'{(f)) solves the initial-value problem (1.1) in C{[—T,T],H~'^{M^)). 

(b) In addition, for any a > 0, S^iH^iR)) C C{[-T,T], H^iR)), \\S^{(j)){-,t)\\ci[-T,T],H-) 
< C{T,a, UWh-), and the mapping = S^\h-{r) : H^^R) C{[-T,T], H^iR)) is con- 
tinuous. □ 
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Remark From the discussion of [13] we see that for any G L^(R), the solution 
u = S^{(f)) has more regularity than merely being in C([— T, T], L^(]R)); for instance, 
we have u G T, T], L^(]R)) (cf. Lemma 3.6 in Section 3 below and note that 

(4,8) is an admissible pair). Thus by inhomogeneous Strichartz estimates we see that 
J^e-^'-'"^'^^'u^{-,t')dt' G C([-T,T],L2(M)) nL9([-T,T],LP(R)) for any admissible pair 
{p,q)- Noticing this fact, it can be easily seen that for any G L^(M), u = >S'^(0) also 
solves the initial- value problem (1.1) in the sense that it satisfies the integral equation 

2 JO 

for (x,t) G M X [—T,T) in distribution sense. Conversely, it can also be easily seen that 
if a solution u (in distribution sense) of this integral equation has certain regularity, for 
instance, u G C{[-T,T], L'^{R)) f] L^{[-T,T], L^{R)), then u also solves the initial-value 
problem (1.1) in C{[-T,T], H'\R)). 

The main ingredients in proving the above result are a gauge transformation and 
the spaces (cr > 0). For our purpose we review these ingredients in the following 
paragraphs. 

Let Plow, -f±high and P± be projection operators on L^(M) defined respectively by 

Plow(0) = J^r^(0Xh2lO,2lO]), P±high(0) = -^r^(te[2i0,oo)), 

p±{(p) = -^r^(te[o,oo)), 

where xe (for given subset E of M) denotes the characteristic function of the subset E. 
Let G if°°(M) and set 

01ow = -Plow (0)5 0±high = -P±high(0)- 

It can be easily verified that for real-valued 0, the function (pi^w is also real-valued. Let 
Uq = S'°°(0iow) be the solution of the following problem: 

(dtUo + ndluo + d,{ul/2)=0, xeR, teR, 
\uo{x,0) = 0iow(a;), xeR. 

Note that since 0iow is real-valued, we have that uq is also real-valued. Besides, since 
||0iow||_ff'^ < Co- 110 II L2 for any cr > 0, it follows from the equation of Uq that 

sup \\d^^d:'uoi-MLi<C,,,aM\\L^)mL^, cTi , a2 G Z H [0, oo) . (2.2) 

\t\<T 
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We define a gauge Uq as follows: First let f/o(0, t) be the solution of the following problem: 

dtUoiO, t) + ^nd^uo{0, t) + ^ul{0, t) = for t G M, and f/o(0, 0) = 0, 
and next extend Uq{x, t) to all a; G M (for fixed t G M)) by using the following equation: 



dMo{x,t) = -uo{x,t). 

Note that since uq is real-valued, we see that Uq is also real-valued. Besides, for any 
integers ai,a2 > 0, (0-1,0-2) ^ (0,0), 



sup m^d:-Uo{;t)\\Li < a„..(ii0iuoii0iu- 

\t\<T 



(2.3) 



(2.4) 



We now define 

'W+ = e*^0P+high(M - Mo), 
W_ = e-'^°P-Ugh{u - Uq), 
Wo = Plow{u - Mo). 

Then (w+, w_, Wq) satisfies the following system of equations (see (2.10), (2.12) and (2.14) 

of my- 

dtw+ + Hd'^w^ = E^{w+, Wq), x G M, t G M, 
dtw- +ndlw- = E^{w+,w-,wo), X G M, t G R, 
dtWo + Hdlwo = Eo{w+, W-,wo), x G M, t G M, 
^iw+,w^,Wo)\t=o = (e*^°(-'°)0+high,e-*^»(-'O)0„high,O), 

where (see (2.11), (2.13) and (2.15) of [13J) 

E+{w+,w.,wo) = -e^^oP+high[5.(e-'^ow+ + e'^^w. + wo)V2] 
-e^^°P+high{5.[Mo ■ P-highie'^'w.) + uo ■ PioA^o)]} 
+e'^°(P_high + Piow){5xK ■ P+high(e-^^°u;+)]} 
+2iP_{92[e^^oP+high(e-^^«M;+)]} 
-P+{d^Uo) ■ w+, 

E_{w+,w_,Wo) = -e-^^«P_high[5x(e"'^°w+ + e'^°w_ + Wof/2] 
-e-^^op_high{5x[Mo • A.high(e-'^«w;+) + % ■ PioAwo)]} 
+e-^^«(P+high + Piow){5xK ■ P--high(e*''°M^-)]} 
-2zP+{92[e-*^oP_high(e*^«M;_)]} 
-P_((9^uo) ■ ty-. 



Eo{w+, w.,wo) = --Piow{5x[(e-'^«w;+ + e'^^'w. +wo + uof - ul]}. 
It is immediate to see that the following relation holds (see Lemma 2.1 of [T3]): 

u = e-'^''w+ + e'^°w- + wo + uq. (2.5) 

The mapping u (w+,w_,Wo) is called gauge transform (in more precise sense the 
components uq and Uq should also be comprised into this notion; but for simplicity of 
the notation we omit them). The above deduction shows that if m is a smooth solution 
of (1.1) (or more precisely, a solution of (1.1) whose initial data belong to if°°(]R)) then 
(w+,w_,Wo) is a solution of (2.4). The converse assertion cannot be directly verified. 
The proof (for smooth 0) that if {w+,W-,wo) is a solution of (2.4) then the expression 
u given by (2.5) is a solution of (1.1) is given in Section 10 of [13]; see (10.38) in [13]. 
The main idea in the proof of Theorem 3.1 is as follows: First one proves that for small 
initial data the problem (2.4) is well-posed in suitable function spaces; in particular it 
has a solution in C([— T, T], (L^(R))^) depending continuously on the initial data. Using 
this fact and the relation (2.5) established for smooth solutions, one then proves that the 
solution operator defined for smooth data can be extended into a continuous mapping 
from L2(M) to C([-T, T], L2(]R)). Since if°°(R) is dense in L2(]R), the extension is unique, 
and is denoted by S'^. For any given T > and G L^(]R) with sufficiently small norm, 
u = Sj^{(f)) then defines a solution of the problem (1.1) for \t\ < T. A standard scaling 
argument enables one to convert this small-data assertion into a local well-posedness result 
for (1.1) for arbitrary initial data in L^(]R), and the conservation law then yields the 
desired global well-posedness result. 

Well-posedness of the problem (2.4) is established in a class of spaces F"" (a > 0), 
whose definition is given below. Let tjq : W [0, 1] denote an even function supported 
in [-8/5,8/5] and equal to 1 in [-5/4,5/4]. Foi k e Z, k > 1, let r/fc(0 = VoC^'^O - 
r]o{2-''+^^). We also denote, for all k e Z, XkiO = ^o(2"''0 - ^o(2"''+^^). It follows that 

oo 

J]%(0 = 1 for eeM, 

and 

oo 

^ XkiO = 1 for e e M\{0}. 

A:=— oo 

Note that suppxfc C [-(8/5)2^ -(5/8)2^=] U [(5/8)2^ (8/5)2^=] for all k e Z, and suppr^^ C 
[-(8/5)2^-(5/8)2'=]U[(5/8)2^(8/5)2'=]for A; > 1. For A; G Z we denote 4 = [-2^+\ -2''-^]U 
pfc-1^2'^+1], and for A; G Z, A; > 1, we also denote 4 = [-2,2] if A; = and 4 = 4 if 
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A; > 1. Next, we denote 

^{0 = -m (CeK) and /5,,, = i + 2(^-2'=)/Mj,^eZ), 

and for A; e Z and j > we let 

■{(^,r) G M X R : ^ e 4, r-cj(0 e Ij} if A; > 1; 
{(C,t) e M X M : { e 4, r e /j} if A; < O. 

We now define spaces {Zkjf^Q as follows: 

'Xk + Yk if A; = or A; > 100, 
Xk a l<k< 99, 



where 



Xk ={/ e L2(R X R) : / supported in 7^ x R and 

II/IU. ■■= ET=o2'^'PkMir-m)fi^,r)hl^ < oo} for k > 1, 
Xo ={/ G L2(R X R) : / supported in Jq x R and 

Uo Er=oE;=-oo2^-1l%WxKO/(e,r)|U. < oo}. 



and 

={/ G L2(R X R) : / supported in uJ-q^ Dkj and 
11/11^, := 2-'=/2||^-M(r-a;(0+i)/(e,r)]|Uii. < oo} for k > 1, 
Yq ={f G L2(R X R) : / supported in /q x R and 

Let cr > 0. The space F'^ is defined as follows: 

oo 

F'^ = {ue S'{R X R) : \\u\\l. := Y,^"^'\\Vkm ' d'r)u{^,r)\\l^ < oo). 

k=0 

F'^ is the space which plays a role in the study of well-posedness of the problem (2.4) 
similar to the role of the Bourgain space X"^'^ in the study of well-posedness of the KdV 
equation. However, the corresponding space in the space variable is not H'^ , but instead 
H"^, which is defined as follows. First we define 

-Bo ={/ G 7^^(R) : / supported in Jq and 

1 

k:=^inf J||Fr^(y)|Ui+ ^ 2-'MU.}<oo}. 

i=— oo 



It is clear that ||/||l2 < 2||/||bo- Then we define 

oo 
k=l 

Since Bq ^ L^, we see that H" ^ H" , and WcPWh- < V2\\(I)\\h-- % Lemma 4.2 of [I3] 
we know that 

F" C C(M, H"") for any a > 0, 

and the embedding is continuous. 

Given T > 0, we denote by the restriction of the space F"^ in M x [—T, T]. From 
the discussion in Section 10 of [13j we have: 

Theorem 2.2 Given T > 0, there exists corresponding e > such that for any ipj^, 
ip-, ipo E satisfying 

U+Who + U4ho + ll^obo <£, (2.6) 

the initial value problem 



dtv+ + ndlv+ = E+{v+, v_,vo), xeR, te [-T, T], 
dtV^+Hd^v^ = E^{v+,v_,vo), xeR, te[-T,T], 
dtvo + ndlvo = Eo{v+, v.,vo), xeR, te [-T, T], 



(2.7) 



has a solution (f+,f_,fo) G {F^Y , which lies in a small ball B;,/ of{F^)^ and is the unique 
solution of (2.7) in this ball, where e' = e'{e) > is such that e' —>■ as e 0, and the 
mapping ('?/^+, ■?/'-, V'o) {v+,V-,vo) from {H^Y to (Fj.)^ is continuous. Moreover, ifip+, 
ip-, ipo G H'' for some cr > then (i;+,f_,fo) G (F^)^, and the mapping {ip+,ip-,ipo) 
(f+,f_,fo) from {H^Y to (F^)^ is continuous. □ 

As we saw before, the relation (2.5) connecting the solution u of (1.1) with the 
solution {w+,w^,Wq) of (2.4) was only estabhshed for smooth initial data. With the aid 
of Theorem 2.2, we can extend it to all solutions with data, i.e., we have the following 
result: 

Theorem 2.3 Given T > 0, there exists corresponding e > such that for any 
(f) G L^(]R) satisfying ||0||l2 < £, the solution u = 5'j>(0) of the problem (1.1) has the 
expression (2.5), with Uq and Uq as in (2.1) -(2.3), and {w+,w^,Wo) being the unique 
solution of (2.4) in {a small neighborhood of the origin of) the space {F^Y with norm 
<e'(e). 
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Proof. By (2.9) and Lemma 10.1 of [13] we see that for any G H"^ {a > 0) we have 

(e*^°(-'°V+high,e-^^°(-'°V-high,0) e {H^)\ 

and the mapping ^ 7/^o(0)) := (e^^»(-'°V+high, e-^^°(-'°V-high, 0) from i/^ 

to {H"Y is continuous. Using this assertion particularly to cr = 0, we see that for e > 
as in (2.6), there exists corresponding e' > such that if < then 

||^+(0)||^o + l|V^-(0)bo + ||^o(0)bo<5. 

By Theorem 2.2, for such G L^(]R) the problem (2.4) has a unique solution (w+, w_, Wq) G 
(F°)^. We now assume that G L^(]R) is a such function, i.e., ||0||l2 < e', and let 
u = 5'^(0). Let 0„ = ^i~"'^(0X[-2iOn,2iOn]); ^ = 1, 2, ■ ■ ■ . Then we have 0„ G iJ°°(M), 

||0n||L2 < ||0||l2 < e', n = l,2,---, and lim ||0.„ - 0||l2 = 0. 

Let M„ = S'|?(0„), and let m„o, t^no, Wn+, Wn~, Wno be the corresponding counterparts of 
Uq, Uq, m7_|_, m7_, m7o defined before when is replaced by 0„, n = 1, 2, ■ ■ ■ . Then we have 

Un = e~'^"°Wn+ + e*^"°w„_ + w„o + Mno, n = 1, 2, • • • . 

From the special construction of the function 0„ we see that Piow(0ri) = -Piow(0) for all 
n G N, so that Uno = uq for all n G N and, consequently, Uno = Uq for all n E N. Thus, 
the above relations can be rewritten as follows: 

Un = e-'^'>Wn+ + e'^'Wn- + WnO + Uq, n = 1, 2, ■ ■ ■ . (2.8) 

Note that {wn+,Wn-,Wno) are in a small ball in (Fj,)^. Using Lemma 10.1 in [13] and the 
facts that f/„o = Uq for all n G N and 0„ strongly in L^(]R), we see that 

ll^+(0n) - V'+(0)lli?O + ||^-(0n) -^-(0)11^0 + ||^/'o(0n) -^0(0)11^0 ^0 aS U ^ OO. 

Thus, by the continuity assertion in Theorem 2.2 we conclude that 

\\wn+ - w+Wpo + \\wn^ - w^Wpo + \\wno - Wo\\po ^0 as n ^ CX). 
Since is continuously embedded into C{[—T,T],L'^{W)), this implies that 

sup ||t(7„+(-,t)-U7+(-,t)||2+SUp ||w„_(-,t)-iy_(-,t)||2+SUp \\Wno{- , t) -Wo{- , t)\\2 ^0 ciS U 
\t\<T \t\<T \t\<T 

Hence, by letting n — >• oo in (2.8) and using the facts that u = 5*^^(0) = lim„^oo 5'^(0n) 
(in C([— T, T], L^(]R)) norm) and m„ = 5'^(0„), we see that (2.5) follows. To get the 
desired assertion we only need to re-denote e' as e. This completes the proof. □ 
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3 Preliminary estimates 



Lemma 3.1 For any k >0, if fk G Zk then 

\\J'-\mL^L^<C2-'^/'\\h\\z,. (3.1) 

Proof. For k > 1, this assertion has been proved in [13] (see Lemma 4.2 (c) of [13j). 
Hence, in the sequel we only consider the case k = 0. 

Let 00 G C^{R) such that 0o(O = 1 for |^| < 2. Next let G C^{R) such that 
suppV' C [-5/2,5/2], 7/'(0 = 1 for |^| < 2/5, and define 0fc(r) = 7/'(2-'=-V) -^/'(2-'=+V) = 
V'o(2~^r) for k > 1, where 7/'o(r) = tpir/A) - tpiAr). Then 0^ G C^(M) and ^^(r) = 1 
if (5/8)2'^ < |r| < (8/5)2'= {k > 1). Hence, since suppr/fe C [-(8/5)2^ -(5/8)2^=] U 
[(5/8)2^ (8/5)2^=] for A; > 1, we have 0fc(r)r/fc(r) = r/fc(r) for all k > 1. 

We first assume that /o G Xq. Then, since /o is supported in / x M, we have 

oo 1 

/o(e,r) =MOm,r) = E E ^iMxKO0o(O/o(e,r) 

j=0 Z=— oo 

oo 1 oo 1 

=E E <^.(^HWxKO0o(O/o(e,r) = 5^ Yl MO<PAr)-foA^,r), 

j=0 /=— oo j=0 l=—oo 

where fojii^,r) = r^j(r)x/(0/o(^, ^)- Hence, 

oo 1 

•^"'[/o(e,r)]=5^ 5^ -^-^[0o(O0.(r)./o,.(e,r)] 

j=0 l=—oo 
oo 1 

=E E -^"'[</'o(O0.M] *-^-M/o.7(e,r)], (3.2) 

j=0 /=— oo 

which yields 

oo 1 

WJ'-VonL-^ <E E ll-^"M0o(O0,(r)]|L.,.||^-i[/o,Ke,r)]|L.^^ 
j=o oo 

oo 1 

<^E E ll<^o(OllL|l|2^'^~o(2^t)]|Lj||/o,7(e,r)|L|,^ (V^o = J'2\^o)) 

j=0 l=—oo 
oo 1 

<^E E II^.MxKO/o(e,r)|U|,^ <C||/o|Uo. 

j=0 Z=— oo 

We next assume that /o G Fq- Then as before we have 

oo oo 
j=0 j=0 
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where foj{^,r) = r?i(r)/o(^, r). Hence, 

oo oo 
3=0 j=0 

which yields 

oo 
j=0 

oo 

<C'$]||0o(e)||L|||2^V^o(2^i)]|Ui||-^-'[r],(r)/o(e,r)]|Ui^ (V^o = ^^"'(^o)) 

oo 

<Cj]||^-i[77,(r)/o(e,r)]|U.^. <C||/o||y,. 

Now let /o G ^0- Then there exists go G Xq and /iq G such that 
fo = 9o + ho and Hs-olUo + ||/^o||yo < 2||/o|Uo- 

Thus 

II-^-'(/o)||lsol? < + <^^(ll^7olU„ + ||/^o||yo) <C^II/olU 

This completes the proof of Lemma 3.1. □ 

In the proof of the following lemma we shall use the following fact: li fk ^ {k > 0) 
then for any a > 0, 

mrfk{^,r)\\z,<C2-'\\M\z,. 
This is an immediate consequence of Lemma 4.1 a) of [13]. 

Lemma 3.2 If w & then for any < 6 < 1 we have Diw G L'^Lf, and 

IPI^IL-L? < C\\w\\fo. (3.4) 

Proof Let fk{^, r) = rik{C,)w{^, r), k = 0, 1, 2, ■ ■ ■ , where w = F{w). Then w E 
implies that (/ — d'^)fk G Zk, k = 0,1,2, ■■■ , and 



oo 1 
1^11^0= (^||(/-9,2)/,|||^)"<00. 
k=0 
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Since w{C,, r) = fk{(,, t), for any < 6^ < 1 we have 



k=0 



(1 + t')Dlw{x,t) = - d'r)fk{^, r)]. 



fc=0 

Hence, by Lemma 3.1 we have 



11(1 + t')Dlw{x,t)\\,^,2 < WJ'-'mki - dl)Ui. r)]\U^^. 

k=0 

oo oo 

k=0 k=0 

oo 1 oo 1 

<C ( E ^'''-^'') ' ( E - 9r)M^^ III) ' < 



k=0 ' " k=0 

From this estimate (3.4) follows immediately. □ 

Lemma 3.3 Let < 6 < 1. For any k >0, if fk & Zk then 

IIaV-^(/.)|Ujo,. < C2-^'-'^'/'mz,. (3.5) 

Proof. We first assume that k > 1 and fk G X^. Let /fcj(^,T) = rij{r — Lj{C^ j)fk{C,,T), 
j G Z, j > 0. Then supp/fcj C 

oo 

fk{^,r) = J2fkA^,r), (3.6) 
i=o 



and 

oo 

IIMIx, = E2^'/'(l + 2(^'"^'^)/^)||/.,(e,r)|U.^. (3.7) 

From (3.6) we have 

oo 

D}j^-\fk) = J^-'[\r\'^fk{^,T)] = J2j'-'[\rf^fkA^,r)] 

j=0 

From the proof of (3.1) (see Line 3, Page 763 of [13]) we know that 
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Since fkj is supported in Dkj, we have |^| < (72*^ and |r — u;{^)\\ < C2^ for (^,t) G 
supp(/fej). If J < 2/c then we have 

\r\ <\t- cu(0| + < ^"2^' + C2^'' < C2^^ 

so that 

\\^~'[\r\hkA^,r)]\\,^,. < C2-'=/22^-/22^fc/2||^^_^.(^^^)||^^^^ 
=C2-(i-^)^/22^/l/,,,<e,r)|U.^ < C2-M'=/22^^^^^^^^^ 

li j >2k + l then we have 

|t| < |r - + ^(01 < + C2'^^ < C2^ , 

so that 

\\^-'[\r\hkA^,r)]\\,^L^^ < C2-'=/^2^-/22^^/i/,,,(e,r)|U.^^ 
^C2-^i-o)k/2^J/^2'U-2k)/.y^^.^^^^^^ 

Hence 

oo 

oo 

<C'2-a-W2^2^/2/?,,,||/,,(e,r)|U.^ = C2-(^-W2||j^||^^. (38) 

j=0 

We next assume that k > 100 and /fe e Yfe. Then supp/^ C U^^qD^j, and 

||M|y,=2-'=/^||^-i[(r-o;(0+^)/.(e,r)]|Ui^. 

=2-'=/lFr^[(r-u;(e) + 0/.(e,r)]|Ui^.. (3.9) 

/oo 
e-«(r-^(e) + z)A(e,r)de. 
-oo 

/oo 
e--«^fc(x,r)(ix and, by (3.9), \\M\y, = hkhiL^^- 
-oo 

By the fact that supp/^ C u'^-^Dkj we have /fc({,r) = V'fc(0^o(2"^(r - a;(0))/fe(C, r), 
where MO = Vo{2-^''+^^i) - r]o{2-^''-^^i), so that 

/oo 
e-^«^,(y,r)dy. 
■oo 
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Let 

h,{y, r) = 2'/'MOVo{2-'{r - ^(0))(r - c^(0 + z)-^e-S,(y, r). 
Then the above calculation shows that 

/oo 
hk{y,^,T)dy, 
-oo 

so that 

In what follows we prove that 

/CO poo 
ooJ —oo 

where C is independent of k and y. If this inequality is proved, then by (3.11) we have 



oo , poo poo 



e"V*^|r|f/ife(i/,e,r)dedr)% 



oo V — ooJ — oo 



(3.10) 
(3.11) 
(3.12) 

(3.13) 



\\Dl^-'ifk)\\Ls^L-^=\\ i / e'''^e''^\T\-^h{y,^,T)d^dT)dy\\L^L. 

/oo poo poo 

II / / e^^^(^'^\T\^hk{y,i,r)didT\\^^^.dy 
-oo J —ooJ ~oo 

/oo 
\\9k{y.-)hdy = C2'^'-'^^'^g,\\LlLl. 
-oo 

which, combined with the fact that ||/fc||y;. = lls'fcllLiL?, yields the following estimate: 

\\Dl:F-\h)\\,^,. < C2-(i-W2||j^||^^. (3.14) 

We neglect the parameter y in (3.10) and (3.13). By the Plancherel's theorem, (3.13) 
follows if we prove that 



oo , poo poo 



/oo 
e"«|r|t/.,(e,r)rfe 
■oo 



Qkh- 



To prove this estimate, we first recall that for k > 100 (see (4.22) in p^). 



e"^MOVo{2-\r - a;(e)))(r - ^{0 + 0"'^^ 



< C2~ 



(3.15) 



(3.16) 



uniformly for x and r. Next, we note that on the support of hk we have |^| < C2^ and 
|r — C(j(^)| < C2'', which implies that |r| < C2^'^. Hence, the left-hand side of (3.15) is 
dominated by 



2fc/2 _ 



sup 



e"^MOVo{2-\r - a;(0))(r - ..(0 + ^r'd^ 



r 4(7 1, r) 7-2 
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as desired. 

By (3.8) and (3.14), we see that (3.5) holds for A; > 1. We now consider the case 
k — 0. If /o e -'^o then by (3.2) we have 

oo 1 

Dh-'m,r)]^J2 E Dh-'[MO<l>jir)]*:F-'[foji{C,r)], 

j=0 l=—oo 

SO that 

oo 1 

\\Dh-Vo)\\L^q ^ E E ll4.^-^[0o(O0.(T)]||L|Lj||^-^[/o,7(e,r)]|U.^^ 

j=0 l=—oo 

oo 1 

<^E E ll'/'o(OllL|||2^(^+%~o(2^t)]|Ui||/o,7(e,r)|U|^^ ii^o = :F-\i^o)) 

j=0 l=—oo 
oo 1 

^^E E 2^ll/o.Ke,r)|U.^<C||/o|k- 

j=Q l=—oo 

If /o e Yq then by (3.3) we have 

oo 
j=0 

so that 

llA'^-^(/o)||Lgoi? < E IIA'-^-M0o(O0.(t)]|UsolJ ||^-M/o,(e,r)]|UiL. 

i=o 

oo 

<CY1 ll</'o(OIU|l|2^-(^+^V~o(2^t)]|Ui||^-M77,(r)/o(e,r)]|U.^. (V^o = ^-^(V'o)) 

j=0 

oo 

<C^2^||^-n77,(r)/o(e,r)]|Ui^. < C||/o||y,. 

j=0 

Hence (3.5) also holds for A; = 0. The proof is complete. □ 

e 

Lemma 3.4 If w e then for any <9 <1 we have D^w e L'^L'l, and 

WdIwWl^lI < C\\w\\fo. (3.17) 

Proof Let /^(C, r) = %(C)w(C, r), A; = 0, 1, 2, ■ • ■ , where w = F{w). Then w e 
imphes that (/ — d'^)fk £ Z}., /c = 0, 1, 2, • • • , and 

oo 1 

IHlFO = (Ell(^-^')Mli)'<°°- 

fe=0 
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Since w{C,, r) = fk{(,, t), for any < 6^ < 1 we have 

k=0 

Dt [(1 + e)w{x, t)] = J2 Dh-\{I - dl)Ui. r)]. 

k=0 

Hence, by Lemma 3.3 we have 

oo 
A:=0 

oo 

oo 1 

<c[j2\\(I-dl)m,r)\\%^y =C\\w\\^o. (3.18) 



k=0 



Since w{x, t) = {1 + t^) ^ • (1 + t^)w{x, t), by Theorem A. 12 in [15] we have 

\\Dfw - (1 + ey'Df [(1 + e)wix, t)] - of (i + tY'-{i + t')wix, t) w^^^. 

<C\\{l + t')-'\\oo\\Df[{l + t')w{x,m\L^L'i 

From this estimate and (3.18), we see that (3.17) follows. □ 

Lemma 3.5 Let G Z^, k > 0. Then for any admissible pair [p, q) we have 

\\:F-\U)\\,.,.<C{p,q)\\U\\z,. (3.19) 



Proof. Assume first that k >1 and fk G Xk- Let fk,j{^,T) = rjjij — uj{^))fk{C,,T) 
J G Z, J > 0. Then supp/^,, C D^,,, and (3.6), (3.7) hold. Let /#.(e, r) = fk,,i^, r+ujiO) 
Then suppff- ^ Ik x h- We have 



I k,j — ^ -^r 

"OO /"OO 



/oo poo 
/ e'''e'^^fkji^,T)d^dT 
-oo J — OO 

/OO poo 
/ e^*^e^^«e^*-«)/fc,,(e,r + ..(0)(ie(ir 
-oo J —oo 

e''^{J^ e"«e^*-«)/#.(e,r)cie)cir 

/oo 
e^^V£(e,r)rfe = Fr^(/# (■,r)). Then /#.(e,r) = F,{gy, so that 
-oo 

J'-'ifk,,) = c [ d'^F^'(e^'-^^)F,{gl^))dT = c ! ^'^W{t)gl^{x)dT. 

J I A J 1a 
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It follows that 

\\:F~\h,)\\LlLl<c I \\W{t)gl^{x)\\LiLldT<C I \\gl,{x)hdT 

(by Strichartz estimate) 
=C 1 / \fU^,r)\'d^'dr<C2^/^f,J,.^. (3.20) 

J Ij J —oo 

By (3.6), (3.7) and (3.20) we have 

oo oo 

||-^-'(/fc)||L?Lg < E \\^''ihMLtL^. <Cj2^^/'\\h,h.^^ < CWhWx,. (3.21) 
j=0 j=0 

Next assume that k > 1 and G Yfc. Then supp/^ C U*^^Qi5fcj-, and (3.9) holds. Let 
gk{x, t) and hk{y, ^, t) be as in the proof of Lemma 3.3. In what follows we prove that 

/oo /"OO 
/ e^^V*-/ifc(i/,e,r)ciecir|U.i. <C||^7,(y,-)||2, (3.22) 
ocw — oo 

where C is independent of k and y. If this inequality is proved, then by (3.11) we have 

/oo /"OO /"OO 

(/ / e*(^-^)«e^*-/i,(y,e,r)rfecir)rfy|U,^P 
-OO J ~ooJ ~oo 

oo /"OO /"OO 

/ e*(^-^)«e**-/i,(z/,e,r)rfecir|U.^prfy 

-ocJ — oo 



< 



oo 

oo 



which, combined with the fact that = ll/fellyfc; gives the desired assertion. 

We neglect the parameter y in (3.10) and (3.22). Since k > 100 and |^| G [2^-^, 2''+^], 
we may assume that the function gk = guij) in (3.10) is supported in the set {r : |r| G 
p2fc-io^ 22*^+10]}. Let g^ = 9k ■ X[o,oo), Qk = 9k ■ X(-oo,o], and define the corresponding 
function and /i^ as in (3.10). By symmetry, it suffices to prove (2.22) for /i^, which 
is supported in {(^,r) : i G [-2^=-^ -2'=+2], r G [2'^^-^'^ ,2'^^+^^]}. Since cu(0 = -^|^|, we 
have r — uj{^) = r — on the support of /i^, and /i^(^, r) = unless |^/r + i\ ^ C*- Let 

/^t (e, r) = 2'/'M-V^)miV^ + 0[r-e + {V^ + 0+ ^V^2-']-'gtir). 
By the argument in Lines 25-28 in Page 762 of [13], we know that 



\K-h't\\x,<cUh. 
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Hence, by (3.21) we have 



^-\ht-h't)\\LtL^^<C\\gth. 



(3.23) 



To estimate ^(/i'^)||i9^p, we make the change of variables^ — > ^' by letting^ = C'—V^- 
Then we have 

/oo 
e'*-e-^V',(-V^)^+(T)(2V^)-Mr 
-oo 

/oo 
■oo 

It can be easily seen that the second integral is bounded by a constant independent of x 
and k. Next we compute 



/oo 
e^^^e— ^V'fe(-V^)^+(T)(2v^)-idT|U.^g 
-oo 
poo 



<c 



--C 



e-^^'^^k{-i)gt{e)di\\LlLl (by letting r = i') 

/°° 1 1/2 

|'0fe(— Ofl'fe^(^^)r^^ (by using Strichartz and Plancherel) 
-oo 



\i^A-^)9l{T)\\2^)-'dT 



1/2 



<C2-'=/l^+||2 



(because ~ 2*^) 



Hence 



\\^-\h!X)\\L'iLi<C\\glh. 

Combining this estimate with (3.23), we see that the desired assertion follows. 

From the above deduction wc sec that (3.19) holds for A: > 1. For the case A; = 0, 
the argument is similar to that in the proof of Lemma 3.1. Indeed, if /o G Xq then from 
(3.2) we have 



oo 1 



\T-\h)\\LlLl <E E ll-^"'['^o(O0.(T)]||L|Ldl-^~M/o.7(e,r)]|U.^^ 

(l/r = l/p+l/2, l/s = l/g + l/2) 



oo 1 



E ll-^"'('/'o)||Ld|2^V^o(2^t)]|U|||/o.7(e,r)||4^ (V^o = ^-^(V'o)) 



j=0 (=— oo 
oo 1 



<^E E 2^'^'-'/^)||%(r)xKO/o(e,r)|U|^^<C||/o|Uo. 
j=o ;=— oo 
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If /o e Yo then from (3.3) we have 

oo 

ll^-^(/o)||L?Lg <Y1 ll-^"M0o(O</'.-(T)]||L|Ldl-^"M/o.-(e,r)]|U.ii (l/s = l/q + 1/2) 

j=0 

oo 

<C5] ||^-^(0o)IUg||2^>~o(2^i)]|U|||^-M77,(r)/o(e,r)]|Ui^. (V^o = ^"^(V'o)) 



j=0 
oo 



Hence the desired assertion also holds for A; = 0. □ 

Using the above lemma and a similar argument to the one in the proof of Lemma 3.2 
we have 

Lemma 3.6 Assume that w e F°. Then for any admissible pair {p,q) we have 
w e Ll{R,LP{R)), and 

W^hlLP < Cpg\\w\\FO. (3.24) 
Since (6,6) is an admissible pair, by the above lemma we have 
Corollary 3.7 Assume that w e F°. Then w e L^lR"^), and 

||w||i6^ < C||^/;||j.o. (3.25) 

Using the expression (2.5) and Lemma 3.6 we have 

Corollary 3.8 Let G L^(]R) and let u be the global solution of the problem (LI) 
ensured by Theorem 2.2. Then for any T > and any admissible pair {p,q) we have 
u G L«([-T,T],LP(R)). Moreover, the mapping (j) ^ u from ^^(R) to L«([-T, T], Lp(M)) 
defined in this way is continuous, and there exists corresponding function CpqT ■ [0, oo) 
[0, oo) such that 

IklUl^LS < CpgriUh). (3.26) 

Proof. Choose M > ||0||2 and fix it. With M fixed in this way, let 6 be as in 
Corollary 3.4. By dividing the interval [— T, T] into subintervals [—6, 5], ±[5, 26], ±[25, 36], 
■ ■ ■ , ±[{N—1)6, T], where N is the smallest integer such that T < NS, and using the L^- 
conservation law, we only need to prove the assertion holds for T = 5. For T — 6 the 
expression (2.5) holds, from which the desired assertion easily follows. Indeed, from (2.2) 
it is clear that for any admissible pair (p, q) we have Uq G L^([— T, T],Lp( 



\uo\\l^^l% < Cp^iUh), (3.27) 
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and the mapping (f) ^ uq from L^(R) to L*([— T, T], -L^(IR)) is continuous. Secondly, since 
C/q is real, we see that 6^*^^° are uniformly bounded, and it is clear that the mappings — > 
g±iC/o f^Qj^ (M) to L°°(Mx [-T, T]) arc continuous. Finally, by Theorem 2.1, Lemma 3.6, 
and the continuity of the mapping (e*^"*^''°''0+high, e~*'^"''''°V-high, 0) from ^^(M) to 
{H^)^, we see that for any admissible pair {q,p) we have w+, W-,wq e L^([— T, T], I/^(M)), 

lk+IU?,LP + Ih-IU^Lg + lko||L|,LS < CpqTdl^lh), (3.28) 

and the mapping W-,wo) from //^(M) to T, T], Lp(R))]^ is continuous. By 

(2.5), (3.27), (3.28) and the uniform boundedness of e^*^° we have 

\\u\\lIL^^ < Ww+Wl^L'^ + lk-||L|,Lg + lko|Uf,Lg + lko||L|,Lg < Cp<,T(||0||2). 

Hence u G L'^{[—T, T], L^(R)) and (2.26) holds. Moreover, the above argument also shows 
that the mapping (j) ^ u from L2(M) to L'^([— T, T], L^(R)) is continuous. The proof is 
complete. □ 



4 The proof of Theorem 1.1 

Since we are not clear if the space in which uniqueness of the solution of (2.4) is ensured 
is reflexive, we cannot use functional analysis to get the assertion that any bounded 
sequence in F° has a weakly convergent subsequence. To overcome this difficulty, we shall 
appeal to the following preliminary result: 

Lemma 4.1 Let Wn G F° fl L'^{R'^), n = 1, 2, ■ ■ ■ . Assume that \\Wn\\FO < M for all 
n G N and some M > 0, and there exists T > such that Wn{t) = for all \t\ > T and 
n E N. Assume further that as n ^ oo, Wn w weakly m L'^{M.'^). Then w G F*^, and 
\\w\\fo < M, or more precisely, 

||w||fo < liminf ||w„||fo. (4.1) 

n— »oo 

Proof. We fulfill the proof in three steps. 

Step 1: We first prove that similar results hold for the spaces Yk and Xk- That is, 
taking as an example and assuming that /n £ ^it H LF'iW')^ n = 1, 2, ■ ■ ■ , ||/n||yfc < M 
for some M > and all n G N, and as n — oo, fn^f weakly in //^(M^), we have that 
f EYk, and ||/||y^ < M. Note that if this assertion is proved, then it follows immediately 
that 

<liminf||A||y,. 
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Consider first the case A; > 1. Let ■0 £ C^(R^) be such that 

< -0 < 1, and ilj{x,t) = 1 for < 1, \t\ < 1. 

Let '4>R{x,t) — iJ:{x/R,t/R), R > 1. Since llV'iillL^j — 1, we have, for any R > 1 and 
neN, 

||V^«^-^[(r-^(0 + ^)/n(e,r)]|Uli. < WMl-,- 2'/'\\ay, < 2'/'M. (4.2) 

We first assume that as n — > oo, fn^f strongly in L^(R^). Let cpk £ C^(R^) be such 
that (pkiC,'^) = 1 for (C)''') £ U^=i-Dfej. Since supp/„ C u'^zlDkj for all n e N, for any 
m, n e N we have 

||^^^-i[(r-c.(0+^)(/„-/J]|LiL? 

<\\M\L%Loo\\J^~^[MC,r){T - UJ{^) + i)]\\Li J\fn - fmhly 

From this we see that for any R> 1, ipjiJ^~^[{T — uj{^) +i)fn{(,, t)] is convergent in LlLf, 
so that iPrJ^~^[{t — uj{^) + i)f{^,T)] G Lm and, by letting n — >• oo in (4.2) we get, for 
any R> 0, 

\\^|;nJ'-'[ir-coiO+^)fi^,T)]\\,^,.<2'/'M. (4.3) 

Clearly, jF~^[(r — + i)f{^,T) is a measurable function and, as i? ^ oo, tpRj-'~^[{T — 
'^(0 + ^)/(C;T)] pointwisely converges to J-'~^[{t — a;({) + i)f{i,T). Hence, by letting 
i? — > oo in (2.3) and using Fatou's lemma we get 

\\T-'[{T-u;{0 + i)m,r)]hiL^<2'/'M, 

so that f E Yk and ||/||yj. < M. We next assume that as n — >• cxo, /^j — > / weakly in 
L^(]R^). By a well-known theorem in functional analysis, we know that there is another 
sequence f!^, n — 1,2, ■ ■ ■ , with each being a convex combination of finite elements in 
{/„}, such that etsn ^ oo, ^ f strongly in L^{R^). Clearly, Wf^Wvk < M for all neN. 
Hence, by the assertion we have just proved it follows that f and \\f\\Yk ^ This 
proves the desired assertion for the case A; > 1. 

Consider next the case k — 0. For any N eN we have 

N 

^2^||^-^[77,(T)/„(e,T)|Ui^2 < \\fn\\Yo<M, 71 = 1, 2, • • • . 

j=0 
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Since for every < j < N, T]j{T)fn{^-iT) have supports contained in a common com- 
pact set, the argument for the case k > 1 apphes to the sequences {?7j('7')/n(^, r)}, 
j = 0, 1, • • • ,N,so that 

\\^-'[mir)f{i,T)\\r^lLl < liminf ||^-^fe(r)/„(e, r)|Ui^|, j = 0, 1, ■ ■ ■ , iV. 

Hence 

N N 

J2'^mJ'-'[Vj{r)mr)hiq < hminf ^2^||^-i[,7,(r)/„(e,r)|Ui^. < M. 

j=o j=0 

By the arbitrariness oi N, we conclude that f eYq and ||/||yo < M, as desired. 

The proof for Xk {k > 0) follows from a similar argument as in the proof for Yq. 

Step 2: Wc next prove that a similar result holds for the space Zk, namely, assuming 
that fn e Zkf] L2(E2), n = 1, 2, ■ • ■ , ||/„||z, < M for some M > and all n G N, and 
as n — > oo, /„ — > / weakly in L^(M^), then we have / G Z^, and \\f\\zk < o^" more 
precisely, 

||/|U,< liminf IIMU,. 

ra— >oo 

To prove this assertion, we only need to prove that f E Zk and, for any £ > 0, we 
have \\f\\zk ^ M + e. Assume that either k > 100 or A; = (the case 1 < /c < 99 is 
obvious). Given £ > 0, by the definition of Z^ we can find for each n & N two functions 
gn and hn, Qn e K e Yfc, and 

\\9n\\x, + WKWy, < WfnWz, + £ < M + £. (4.4) 

Let (pk be as before. Then we have 

K = ^kK = Vkfn - fkgn- (4.5) 

From the definition of Xk and the fact that gn G Xk it can be easily seen that (fkOn G 
L^(M^), and there exists constant > such that 

||<^fe5'n||L2(M2) < CikllS'nIkfc < Cfe(M + £). 

Hence, there exists a subsequence of {gn}, for simplicity of the notation we assume that 
this subsequence is the whole sequence {gn}, and a function ho G L^(M^), such that as 
n ^ oo, (fikgn ho weakly in L^{R^). Let h — (pkf — ho- Then h G L^(]R^), and by (2.5) 
and the fact that fn^f weakly in L^(R^) we see that hn ^ h weakly in L^(R^). Since 
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Il^nllyji, < M + e, n — 1,2, ■ • • , by using the assertion in Step 1 we conclude that h e Yk, 
and 

< hminf WKWrk < oo. (4.6) 



Now, since both fn^f and hn ^ h weakly in L^(]R^), it follows that Qn ^ g = f — h 
weakly in L^(]R^), which further implies that for any j e Zfl [0, oo), ?7j(T — r) — > 
r]j{r — u}{$,))g{^, r) weakly in L^(R^). Since for any N eN we have 

N 

J2'^^^^Mh{r-^{0)9n{C,r)\\Ll^ < \\gn\\x,<M + e, n = l,2,--- , 

j=0 

letting n — > oo we get 

N N 

^'^'(^kJvAr - ^(O)^(e, ^ <liminf 2^/2/3,,, ||r7,(r - ^(O)^n(e, 
i=o i=o 

<liminf Hfi-nlUfc < oo. 

n— >oo 

By arbitrariness of A?" we conclude that g e X^, and 

IblUfc < liminf \^gn\\x^ < oo. (4.7) 

n— >oo 

Hence, f = g + h E Zk, and by (4.4), (4.6) and (4.7) we have 

ll/IU, < \\g\\x, + < liminf (||^„|U, + WKWy,) <M + e. 

n—*oo 

This proves the desired assertion. 

Step 3: Wc now arrive at the last step of the proof of Lemma 4.1. Let fnk{^,T) — 
VkiOil - d^)wn{^,T), /c = 0, 1,2, • • •, and /fc(C,r) = %({)(/ - d^)w{^,T), where Wn = 
F{wn) and w = F{w). Then 



oo 1 
hnllFO = ( J]||/nfc|||,)' < M, n = l,2. 



k=0 

SO that for any e N we have 

N 

E ll/nfelll, < M^, n = l,2,---, (4.8) 

fc=0 

Since Wn weakly converges to w in L^(]R^) and Wn{t) = for \t\ > T, wc have that also 
(1 + t'^)wn weakly converges to (1 + t'^)w in L^(M^). By the Parseval formula 

/ / mrMC,r)dCdT= [ [ f{x,t)ip{x,t)dxdt, f,cpeL\R'), 
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it follows immediately that (/ — 9^)ty„(^, r) weakly converges to {I — d^)w{^,T) in L^(R^), 
which further implies that for every A; e Zfl [0, oo), fnk weakly converges to fk in L^(]R^). 
Hence, by the assertion we proved in Step 2 and (2.7) we get 

N N N 

• ' " ' ^ n—^oo n— »oo ' * 

fe=0 fe=0 fe=0 

Letting — > oo, we get the desired assertion. □ 

We are now ready to give the proof of Theorem 1.1. 
Proof of Theorem 1.1: We split the proof into four steps. 

Step 1: We prove that if the assertion of Theorem 3.1 holds ior T — 5 for some small 
quantity 5 > 0, then it also holds for any given T > 0. This follows from a division of the 
time interval [—T, T] and an induction argument. Indeed, let m — T/5\iT/5\s an integer 
and m = [T/5] + 1 otherwise. Let Ij = [{j—l)6,j6], j = 1,2, ■ ■ ■ ,m—l, = [(m— 1)5, T], 
and I_j = —Ij, j = 1,2, ■• ■ ,m. Since the length of each time interval I^j is not larger 
than 6, by assumption wc see that the assertions (i) and (?'?') of Theorem 1.1 applies to 
each of these intervals provided Un{-,t) weakly converges to u{-,t) in L^(M) for t equal to 
one of the two endpoints of this interval, but which follows from induction. Hence, the 
assertions (i) and (ii) of Theorem 1.1 holds for each of these intervals. Now, since for any 
/ e Li'{[-T, T],LP'{R)) (p, q are as in (i) of Theorem 1.1) we have 




the assertion (i) follows immediately. Similarly, since for any cp e I/^(M), 

sup \{Un{-,t) - u{-,t),(p)L2\ ^ sup sup \{Un{-, t) - u{-,t), if) L2\ 

\t\<T l<\j\<mt&Ij 

the assertion {ii) also follows immediately. 

Step 2: By the result of Step 1 combined with a standard scaling argument, we see 
that we only need to prove Theorem 1.1 under the additional assumption that for £ as in 
Theorem 2.3, 

||0n|U2<£, n=l,2,--- and U\\L^<e. (4.9) 

Thus, in what follows we always assume that this assumption is satisfied. Moreover, by 
density of C{[-T,T],C^{R)) in L^' {[-T,T], (R)) for any admissible pair {p,q) and 
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boundedness of the sequence {un} in L'^{[—T,T],IJ'{R)) (ensured by Corollary 3.8), it 
can be easily seen that the assertion (i) follows if we prove that 



/T /-oo 
/ [un{x,t) -u{x,t)]f{x,t)dxdt^O. (4.10) 
-tJ-oo 

Similarly, by density of C^(M) in L^(M)) and uniform boundedness of {«„(•, t)} in L^(]R) 
ensured by the conservation law, we see that the assertion {ii) follows if we prove that 

for any (/? e C^(M), lim sup | («„(•, t) -«(•, t), (^)l2| = 0. (4.11) 



Step 3: Due to (4.9), we have, by Theorem 2.3, the following expressions: 

Un = e-'^"°w„+ + e^^"°w„_ + w„o + m„o, n = 1, 2, • • • , (4.12) 

= e-^^°«;+ + e^^°«;_ + 'fi;o + Wo- (4.13) 

In what follows we prove that 



(4.14) 



{for any i? > and k,l E Z+, d^d^Uno — d^d^Uo 
uniformly on [—R,R] x [— T, T] as n — > oo. 

Note that if this assertion is proved, then it follows immediately that also 

r for any R>0 and A;, / G Z+, d^diUno ~^ d^d^^U^ 
\uniformly on [—R,E\ x [— T, T] as n ^ oo. 

Let 0iow be as before, i.e., 0iow = -Piow(0), and let 0„iow = -Piow(0n), n = 1,2, 
Then Uno and uq are respectively solutions of the following problems: 

(dtUno + ndluno + d^{ulj2)=Q, X E teM, 

\uno{x, 0) = 0nlow(a;), X G M, 

(dtuo + ndluo + d,{ul/2)^0, xeR, teR, 
\uo{x,0) ^(f)iow{x), xeR. 

Since the sequence {0niow} is bounded in L^(R), by (2.2) we see that for any k,l E 1^+ 
there exists corresponding constant Cki{T) > such that 

\\d^dluno\\LHRxi-T,Ti) < \/2r sup \\d^d',Uno{- Ml^ < Cm{T), n = 1, 2, • • • . 

\t\<T 
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Hence, by using the compact embedding H"'+\{-R,R) x {-T,T)) ^ C"'{[-R,R] x 
[— T, T] ) for any R > and m G Z_|_ and a diagonalisation argument we see that there 
exists a subsequence {m„^o} of i'^no}, such that for any R> and fc, / G Z+, d^d^^Un^Q is 
uniformly convergent in [— -R, -R] x [— T, T]. Replacing n with njt in (4.16) and then letting 
k — > cxD, we see that the limit function of m„^o is a smooth solution of the problem (4.17). 
Since 0iow e if °°(M), we know that the solution of (4.17) in C([-T, T], if°°(M)) is unique, 
so that the limit function of Un^.o is Uq. Thus we have shown that 

Jfor any > and k,l G Z+, d^dlun^^o — * d^d^UQ 
[uniformly on [— i?, i?] x [— T, T] as ^ oo. 

Since the above argument is also valid when {m„o} is replaced by any of its subsequence, 
we see that the assertion (4.14) follows. 

Step 4'- By the assertions (4.14), (4.15) and the expressions (4.12), (4.13), it follows 
immediately that (4.10) and (4.11) will follow if we prove that 

Wna^Wa Weakly in L'^([— T, T], L^(M)) for any admissble pair (p, g) (4-18) 

(in case either p = oo or g = oo, weakly here refers to *-weakly), and 

for any ip G C^(M), lim sup |(w„„(-,t) - Wc.(-, t), V5)l2| = 0, (4.19) 

where « = +,—, 0. 

To prove the assertion (4.18), we note that since 0^ — weakly in L^(M), using the 
assertion (4.15) we easily see that also ipai'Pn) 4'a{<P) weakly in L^(]R) for « = +,—, 0. 
Moreover, by Lemma 10.1 of [13] we see that {ipa{(t>n)} (« = +, — , 0) are bounded in H^. 
The latter assertion implies that the sequences {wna} (a = +, — , 0) are bounded in F^, 
which further implies, by Lemma 3.6, that for any admissible pair {p, q) the sequences 
{wna} (tt = +, — ,0) are also bounded in L'^{[—T,T],Lp(R)). If the assertion (4.18) does 
not hold for some admissible pair (p, q) then it follows that there exist subsequences {wnf.a} 
{a = +,-,0) and functions < G L^([-T, T], Lp(M)) (a = +,-,0), {w'^,w'_,w'q) ^ 
{w+,W-,wo), such that Wnf,a — ^ w'^ weakly in L'^([— T, T], L^(M)) (in case either p = oo 
or g = oo then weakly here refers to *-weakly, which will not be repeated later on). Since 
{■w^rifca} (« = +5— ,0) are bounded in L°°([— T, T], L^(]R)) (by Lemma 3.6), by replacing 
them with subsequences of them when necessary, we may assume that also Wnf.a w'^ 
(a = +,-,0) weakly in L°°{[-T,T], L^{R)), so that also < G L°^{[-T,T], L'^{R)) {a = 
+, — ,0). Using Lemmas 3.2, 3.4 and a well-known compact embedding result, we easily 
deduce that there exists a subsequence, which we still denote as {wn,.a}, such that for any 
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R> 0, Wn,,a — ^ w'^ strongly in L'^{\—R, R\ x [— T, T]) (a = +, — ,0). Thus, by replacing 
{■w^rifca} with a subsequence when necessary, we may assume that w„j.a ^ w'^i^a = +, — , 0) 
almost everywhere in M x [— T, T]. Now, From (2.4) we have 

Wn^ait) =W{t)%l)a{(i>nk) + I W {t - t') Eo,{Wn^+{t') , Wni,-{t') , Wn^o{t'))dt' , « = +,-, 0. 

^0 

(4.20) 

Here the second term on the right-hand sides of the above equations should be understood 
in the following sense: All partial derivatives in x included in E^s acting on any terms 
containing w„j.+, Wn,.- or Wn,.o should be either taken outside of the integral or moved to 
other terms containing only Unf,o and Un,,o by using integration by parts. For instance, 
recalling that (see (2.11) of [13j) 

-e'^°P+high{5xK ■ P-high(e'^°w;-) + uq ■ Piow(«^o)]} 
+e*^°(P_high + Piow){9.K ■ P+high(e-*^°^/;+)]} 
+2zP_{92[e^^«P+high(e-^^«^i;+)]} 
-P+{d^uo) ■ w+, 

the equation in (4.20) for a = + should be understood to represent the following equation: 

Wn,+{t)=W{t)MM - [ W{t - t')e'^"'=°P+high[(e-^^"^«w„,+ + e^^"^°u;„,_ + Wn.oYmdt' 

Jo 

+ [ W{t- t')9.(e'^»^°)P+high[(e-^^"^««;„,+ + e^^"^«^x;„,_ + Wn,o)V2]dt' 
Jo 

-d, [ W{t - t')e'^"^°P+high[M„,0 • P-high{e'^"^'Wn,-) + Un,0 ■ PloAWn,o)]dt' 

Jo 

+ [ W{t- t')5x(e'^"^°)P+high[«n,0 ■ P-high(e'^"*°W„,_) + Un,0 ■ Pio^{wn,o)\dt' 

Jo 

+d. [ W{t - t')e'^"'=°(P-high + Piow)[nn,o ■ P+high(e-'^"^°ti;„,+)]rft' 

- [ W{t- t')'9x(e^^"^°)(P-high + Piow)[w„,o ■ P+high(e-'^"^°w„,+)]rft' 
+2idl [ iy(t-t')P-[e'''"'="P+high(e-'^"^°w;„,+)]rft' 

- / W{t- t')P+{d,Un,o ■ Wn,+)dt'; 
Jo 
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moreover, the equations in (4.20) for a = — and a = should be understood similarly. 
Thus, letting /c — > oo and using the Vitali convergence theorem (see Corollary A. 2 in the 
appendix B), we see that {w'_^_,w'_,w'q) satisfies the integral equations 

w',{t) = W{t)4j^{<P)+ [ W{t-t')E^{w'_^{t'),wUt'),w'o{t'))dt', « = +,-,0. 

Note that these equations should be understood as (4.20) in the meaning explained 
above. Since by Lemma 4.1 we have w'^ G (a = +,—,0) and both {w'_^_,w'_,w'q) 
and {w+,w_,Wo) are in a small ball of {F!^Y, by uniqueness of the solution of the above 
equation in a small ball of {Fj<Y we conclude that {w'_^,w'_,w'q) = {w+,W-,wo), which is 
a contradiction. 

The argument for the proof of (4.19) is similar. Indeed, let and f^^^, denote the 
first and the second terms on the right-hand side of (4.20), respectively, and by and f ^ 
the corresponding terms in w'^. It can be easily seen that 

lim sup|«J-,t),</.)i2-t;i(-,t),¥;)i2| = 0. (4.21) 

To treat (t>^^^(-, t), ^9)^2 we only need to move all partial derivatives in x contained in 
EaS either to terms expressed in Um^o and f/„^o by using integration by parts, or to the 
test function ip, also by using integration by parts. With this trick in mind, we can also 
prove that 

hm sup |«J-,t),</^)L| - {v''{;t),ip)L2\ = 0. (4.22) 

k^°°\t\<T 

We omit the details, combining (4.21) and (4.22), we see that the assertion (4.19) follows. 
This completes the proof of Theorem 1.1. □ 

Remark For the modified Benjamin-Ono equation (1.3), it has been proved by 
Kenig and Takaoka in [T8| that its initial value problem is globally well-posed in the 
Sobolev space if^/^(M), whereas the solution operator of a such problem is not uniformly 
continuous in any Sobolev spaces H^(M.) of index s < 1/2 (so that if^/^(M) is a borderline 
space for the local well-posedness theory of this equation). It is thus natural to ask if the 
fiow map of this equation in H^^^(R) is weakly continuous. The answer to this question 
is affirmative. The proof is as follows: Let 0„ (n = 1, 2, ■ ■ ■ ) be a sequence of functions in 
if^/^(M) which is weakly convergent, and let be its limit. Let m„ and u be the solutions 
of the equation (1.3) in C(M, -ff^/^(M)) such that M„|t=o = <Pn {n = 1,2, ■ ■ ■) andu\t=o = 0- 
Then for any T > 0, is bounded in L'^{[-T,T], H^/^(R)). Using the equation (1.3), 
we then deduce that {dtUn} is bounded in L'^{[-T,T], H-^/^(R)). It follows that there 
exists a subsequence {un,^} such that for any R > 0, {un,.} is strongly convergent in 
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L?{\—R,R\ X [— T, T]) and, consequently, by replacing {un^} with a suitable subsequence 
of it, we may assume that {un,.} converges almost everywhere in R x [— T, T]. Thus by 
following the approach developed in [11] we obtain the desired assertion. (One needs to, 
in addition, observe that the uniqueness in [18] easily extends to solutions of the integral 
equation in C([-T, T], i/^/^j^M)) n X^/^ where X^/^ jg ^j^g gp^^g grateful 
to one of the anonymous referees for pointing to us this proof. 



Appendix: Vitali convergence theorem 

Theorem A.l (Vitali convergence theorem, cf. [12]) Let X be a measurable set. 

ssume that the following three conditions are satisfied: 

(a) Un converges to u in measure. 

(b) For any e > there exists corresponding M > such that 



I 



\un{x)\dx < e for all n G N. 



'{|«„(x)|>M} 

(c) For any 6 > there exists corresponding measurable subset E ofX withmeas{E) < 



oo, 

such that 

/ \un{x)\dx < e for all n G N. 

J X\E 

Then u G L^{X) and 

lim / Un{x)dx = / u{x)dx. 
''^^Je Je 

Remark If meas(X) < oo, then the condition (c) is clearly satisfied by any sequence 
of measurable functions on X: We may choose E = X. 

What we used in the proof of Theorem 1.1 is the following corollary of the above 
theorem: 

Corollary A. 2 Let E be a measurable set, meas(£') < oo. Let 1 < p < oo and 

Un G LP{E), n = 1,2, ■ ■ ■ . Assume that (i) Un converges to u in measure, and (ii) 
is bounded in Lp{E). Then u G Lp{E), and for any 1 < q < p we have 

lim — -ullq = 0. (^-1) 
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Proof. The assertion that u e U'{E) follows from Fatou's lemma. To prove {A.l) we 
assume that ||tt„||p < C for all n e N. Then we also have \\u\\p < C, by Fatou's lemma. 
Thus, for any M > we have 

I \un{x)-u{x)\Hx < I \un{x)-u{x)\Pdx < (2C)f M'^^'-^^ , 

J {\un{x}-u{x)\>M} JE 

which implies that 

lim sup / \un{x)—u{x)\'^dx — 

M-^oo J {\u^[x)-u{x)\>M} 

Hence, the desired assertion follows from Theorem A.l. □ 
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